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We formulate polarization uncertainty relations and polarization squeezing criteria in a SU2 invariant
manner. In this formulation the SU2 coherent states are the only minimum uncertainty states. We show that
polarization squeezing is a nonclassical property. We analyze the relation between polarization squeezing and
other nonclassical properties such as entanglement and quadrature squeezing.
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I. INTRODUCTION
Squeezing of quantum uncertainty in some variable is rec-
ognized as a distinctive nonclassical signature. This is clearly
illustrated by quadrature squeezing. It was first introduced in
the context of high-precision measurements and in the last
decade is extensively exploited in the rapidly developing
field of quantum information processing 1. The concept of
squeezing can be translated as well to other variables such as
polarization of light.
In such a case the intuitive idea of squeezing implies that
polarization fluctuations are reduced below some prescribed
level. In this regard, polarization is a more complex variable
than quadrature, so it turns out that for polarization it is
necessary to explicitly specify what is understood by polar-
ization fluctuations. In other words, while for quadratures the
choice of a coherent, minimum uncertainty state as the ref-
erence level is clearly singled out, there seem to be no such
universal reference state for quantum polarization since co-
herent and minimum uncertainty states may not necessarily
coincide for polarization variables 2. Unlike quadrature
squeezing it appears that the precise quantitative formulation
of polarization squeezing depends on the purpose, i.e., on the
envisaged application of polarization squeezed light. All this
means is that there is no unique criterion for polarization
squeezing. Different possibilities are examined in Sec. II.
However, there are some general requirements to a physi-
cally sensible squeezing criterion. For example, quadrature
squeezing is knowingly invariant under linear unitary local
transformations. In this paper we discuss the idea of the
SU2 invariance and suggest that the SU2 invariance
should be an important property of a measure for polariza-
tion squeezing. Furthermore, in Sec. II we show that it de-
fines suitable polarization operators that greatly simplify the
description of polarization fluctuations, uncertainty relations,
and criteria for polarization squeezing.
In principle the reduction of polarization fluctuations be-
low some prescribed level does not necessarily imply non-
classical behavior since a distinctive feature of classical light
is the possibility of having precise nonfluctuating values of
all optical variables simultaneously, including polarization.
We show that polarization squeezing is actually a nonclassi-
cal property Sec. III. Then we examine whether there is any
logical relation between polarization squeezing and other
nonclassical properties Secs. IV and V. That is, we inves-
tigate whether polarization squeezing is a specific nonclassi-
cal property or, on the contrary, is a byproduct of other non-
classical features such as quadrature squeezing or
entanglement, for instance.
II. POLARIZATION SQUEEZING
The concept of polarization squeezing implies polariza-
tion fluctuations reduced below some prescribed level. How-
ever, contrary to the case of quadrature squeezing, there is no
unique squeezing criterion here: Polarization fluctuations can
be assessed in different ways for different purposes. The
most widely used criteria of polarization squeezing are ex-
amined in Sec. II C. Before doing this, in Secs. II A and II B
we review some basic concepts required to properly formu-
late these criteria.
A. Stokes operators and reference states
Polarization state and polarization fluctuations can be
conveniently described in terms of the Stokes operators
S0 = a1
†a1 + a2





†a2, Sz = a1
†a1 − a2
†a2, 2.1
satisfying the SU2-like commutation relations Sx ,Sy
=2iSz and cyclic permutations and S0 ,S=0, where a1, a2
are the bosonic annihilation operators of a two-mode field.
We can regard Sx, Sy, Sz as projections along Cartesian axes
of a Stokes vector of operators S= Sx ,Sy ,Sz, while S0 rep-
resents the total number of photons, and the length of the
Stokes vector is given by S2=S0S0+2.
The polarization state is usually specified by the Stokes
parameters S which are the mean values of the Stokes op-
erators. Likewise, polarization fluctuations can be expressed
in terms of the variances Sj2, j=x ,y ,z, of the Stokes op-
erators. These variances are not independent since they must
satisfy the three standard uncertainty relations of an angular
momentum
SxSy  Sz, SxSz  Sy, SySz  Sx .
2.2
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The critical level of fluctuations for polarization squeez-
ing is usually established by coherent states, either quadra-
ture coherent states 1 ,2 or SU2 coherent states





















Here m1, n−m2 are number states in the corresponding
modes. The above state parameters 1,2 are connected by the
relations
1 = r sin

2




where n represents the total number of photons, and it holds
that S0 n , ,=n n , ,.
Concerning polarization fluctuations, for the quadrature
coherent states 1 ,2 we have
Sx2 = Sy2 = Sz2 = S02 = S0 , 2.6
while for the SU2 coherent states n , ,




for j=x ,y ,z.
B. SU(2) invariance
Next we argue that criteria for polarization squeezing
should be invariant under SU2 transformations. It means,
they should be invariant under the action of linear energy
conserving transformations of the complex amplitudes a1, a2,
such as the ones produced by beam splitters and phase plates.
This is because they are rotations of the Poincaré sphere
which purely displace the polarization distribution, i.e.,
change the Stokes parameters but preserve the form of the
polarization distribution. Since fluctuations depend exclu-
sively on the form of the corresponding probability distribu-
tion irrespective of its location we conclude that any criterion
of polarization squeezing should be invariant under SU2
transformations.
The idea of invariance suggests that in general we should
avoid formulating squeezing criteria in terms of the compo-
nents of S along arbitrary unspecified Cartesian axes without
further caution.
A simple procedure to guarantee SU2 invariance is ob-
tained by using specific components of the Stokes operators
referred to the mean value S. These are the parallel com-
ponent S along S, with S  = S, and two components
orthogonal to S, denoted by S, with S=0. Two or-
thogonal components S1, S2 define the so-called dark
plane see also Ref. 3.
Actually, in many works on polarization squeezing the
invariance requirement is implicitly taken into account. This
occurs when the Cartesian axes are chosen so that S is
aligned with one of the Sj components, say Sx, that plays the
role of S, while Sz, Sy lie in the plane orthogonal to S
playing the roles of S1, S2.
Thus, the use of the operator basis S, S1,2 guarantees the
SU2 invariance of the polarization squeezing criterion. A
further advantage of using this operator basis is that it allows
us to reduce the three uncertainty relations 2.2 for the
Stokes operators to a single nontrivial one:
S1S2  S . 2.8
The other two become trivial
S1S 0, S2S 0. 2.9
The more complex situation with defining polarization
squeezing largely stems from the discrepancy between coher-
ent and minimum uncertainty states for the Stokes operators.
This is unlike quadrature coherent states which are minimum
uncertainty states. Importantly, when uncertainty relations
are expressed in the form of Eqs. 2.8 and 2.9 both quadra-
ture coherent states and SU2 coherent states are minimum
uncertainty states in the sense of leading to an equality in Eq.
2.8, since for these states we have
S12 = S22 = S = S0 . 2.10
On the other hand, the SU2 coherent states are the only
states satisfying the three equalities in Eqs. 2.8 and 2.9
simultaneously, as demonstrated in the Appendix, while
quadrature coherent states only satisfy the equality in Eq.
2.8, since for them S0 and this precludes the fulfill-
ment of the equalities in Eq. 2.9. It is worth noting that the
minimum uncertainty character of SU2 coherent states no
longer holds for arbitrary Cartesian projections of S. Other
measures of polarization fluctuations for which SU2 coher-
ent states are the only minimum uncertainty states are shown
in Ref. 4.
The above choice of polarization operators S, S defines
specific field modes with complex amplitude operators b1, b2





†b2=0. In this mode basis, the SU2 coherent states
factorize as the product of a number state in one mode and
vacuum state in the other mode, n , ,a= nb1 0b2 or
n , ,a= 0b1 nb2. For the rest of the mode bases the
SU2 coherent states are entangled states of the constituting
modes. This is consistent with the fact that for ensembles of
spin-1/2 systems such as two-level atoms the collective
SU2 coherent states factorize as the product of identical
single particle states. In our case we have that all the photons
are in the same mode.
C. Polarization squeezing criteria
Several definitions of polarization squeezing can be found
in the literature. The simpler one focuses directly on the
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comparison of the fluctuations of the orthogonal components
S with the fluctuations of the same components for
quadrature or SU2 coherent states, for which S=	S0
for every S. Therefore, polarization squeezing occurs if
there are orthogonal components with 5,6
S 	S0 . 2.12
We will see in the next section that this criterion admits a
simple expression in terms of complex amplitude operators.
Another criterion based on precision measurements de-
fines polarization squeezing whenever for a suitable orthogo-







The states fulfilling this criterion allow one to perform mea-
surements with a precision beyond the level achievable when
using quadrature coherent states or SU2 coherent states
that lead to the equality in the preceding relation. This can
be also regarded as the SU2 invariant form of another mea-
sure of spin squeezing or entanglement of spin-1/2 particles







Finally we can consider a suitable analogy with quadra-
ture squeezing derived from the uncertainty relation 2.8 by
stating that there is polarization squeezing provided that
2,10
S12  S S22, 2.15
for a suitable pair of components Sj in the dark plane.
Equivalently, if Eq. 2.15 holds then for a suitable orthogo-




Vice versa, if Eq. 2.16 holds for a component S1=S then
from Eqs. 2.8 and 2.16 there is another component S2
with S22 S2 / S12	 S so that both inequali-
ties in Eq. 2.15 are satisfied simultaneously. This criterion
2.16 might be useful for quantum information applications
of polarization squeezing, e.g., for polarization entanglement
generation, since the relevant entanglement criteria deal with
squeezing properties derived from uncertainty relations for
sums and differences of single party observables.
Although these three criteria are not equivalent, there is a
definite relationship between them since they can be defi-
nitely arranged in a series of increasing stringency. Since it
always holds that S0 S, the fulfillment of criterion
2.13 implies that criterion 2.16 is satisfied, which in turn






 S0 , 2.17
while the converse are not necessarily true. Thus the weakest
criterion 2.12 is a necessary condition for polarization
squeezing since this is satisfied whenever there is polariza-
tion squeezing according to any one of the other stronger
criteria. In other words, all polarization squeezed states sat-
isfy criterion 2.12.
It can be appreciated that in these criteria the fluctuations
of S are absent. It seems that the only way to include S
should be by adding a condition similar to Eq. 2.12 in the
form S	S0. In such a case it should be understood that
for this last expression the reference level for polarization
fluctuations would be quadrature coherent states exclusively,
since for SU2 coherent states S=0. The inclusion of S
in other criteria of the form 2.13, 2.16 is excluded from
the very beginning. On the one hand, in precision measure-
ments the fluctuations of the component S play no role since
only orthogonal components are measured. Moreover, the
only uncertainty relations involving S are trivial as shown
in Eqs. 2.8, 2.9.
III. POLARIZATION SQUEEZING AND
NONCLASSICALITY
In this section we show that polarization squeezing is al-
ways a nonclassical property. For this purpose, we express
the necessary condition for polarization squeezing 2.12 in
terms of complex amplitude operators because this will
greatly simplify further analysis. To this end we consider the
privileged mode bases defined by Eq. 2.11 so that any or-


















and the condition 2.12
S2 = S
2  S0 = b1
†b1 + b2
†b2 , 3.3






†b2 = 0. 3.4
where the second relation ensures that S=0 for all S.
It can be seen that the first relation in Eq. 3.4 becomes
an equality for quadrature coherent states as well as for
SU2 coherent states, even when b1
†b20.
As a simple consequence we get that the fulfillment of
condition 3.4 implies that polarization squeezing is a non-
classical effect since it demands negative values for the
P1 ,2 quasiprobability distribution associated to normal
ordering,
 = d21d22P1,21,21,2 , 3.5
where  is the density matrix and 1 ,2 are quadrature
coherent states in modes b1, b2. This is because Eq. 3.4 can
be expressed as follows:
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 d21d22P1,2122
  d21d22P1,21*222 , 3.6
whereas for classical distributions i.e., positive P1 ,2




IV. POLARIZATION SQUEEZING AND ENTANGLEMENT
Once we have proven that polarization squeezing is a
nonclassical effect we next examine whether there is any
definite relation with other nonclassical properties. In this
section we examine its relation with entanglement.
To this end it is necessary to specify once for all the mode
bases where the entanglement will be examined. This is be-
cause different mode bases are related by SU2 transforma-
tions that affect the amount of entanglement. In this context
we think that the most appropriate mode bases are the ones
defined by relation 2.11.
After this mode choice we can prove that entanglement in
modes b1, b2 is a necessary condition for polarization
squeezing, which is the natural counterpart for light fields of
the equivalent result already known for ensembles of spin
systems 5,8. We begin by noting that the following decom-
position of the system density matrix  is useful for the com-




pnn + crossed terms , 4.1
where the states n are the projections of  on the subspaces
of fixed total photon number, and “crossed terms” refers to
matrix elements connecting subspaces of different total pho-
ton number. This decomposition is particularly useful be-
cause the commutation relation S0 ,S=0 implies that for
any polarization property A it holds that S0 ,A=0 so that the
“crossed terms” do not contribute to the mean value of A
which reduces to the weighted sum of the mean values of A
in the states n,







where the subscript n denotes the mean value in the state n.
Next we can demonstrate that the global state  satisfies
criterion 3.4 only if it satisfied for at least one n. Other-
























2n = b1†2b22 , 4.3
so that  is not polarization squeezed.
Finally, we demonstrate the desired relation between po-
larization squeezing and entanglement by showing that for
all separable states n





is because the most general separable state with a fixed total







qmm1m  n − m2n − m , 4.4
where m1, n−m2 are number states in modes b1, b2. This
form implies that b1
†2b2





Therefore, if all projections n are separable then  is not
polarization squeezed. In other words, a necessary condition
for polarization squeezing is that at least one projection n
must be entangled.
It is worth stressing that the existence of entangled pro-
jections n is independent of whether the total state  is
entangled or not. For example, the product states 1 2
have entangled projections n provided that  j are not num-
ber states.
It must be noted that in general there is no direct relation-
ship between the amount of entanglement and amount of
polarization squeezing as illustrated by the following ex-
ample. Let us consider pure two-photon states expressed in
the photon number basis in modes b1, b2 as follows:
2102 + 1112 + 0122. 4.5
In this case the condition b1
†b2=0 is satisfied by two differ-
ent sets of states i =0 or ii   = .
In both cases we have
S = 22 − 2, Smin
2
= 22 + 1 − 2 .
4.6
It can be easily seen using any criterion 2.12, 2.13, or
2.15, that the maximum polarization squeezing defined as
the maximum distance between the left and right sides of the
corresponding criterion is reached in all cases by the states
with =0 and   =  i.e., the intersection of the two sets
i and ii.
Therefore, maximum polarization squeezing is not
equivalent to maximum entanglement in modes b1, b2 since
the states of maximum polarization squeezing are not maxi-
mally entangled states according to basic entanglement mea-
sures because of the lack of the component 1,1.
V. POLARIZATION SQUEEZING AND QUADRATURE
SQUEEZING
Next we examine whether polarization squeezing is
equivalent to quadrature squeezing or, on the contrary, they
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are independent concepts. We begin by examining this issue
for different categories of field states. We show that in many
situations, including those of most practical relevance, polar-
ization squeezing is equivalent to quadrature squeezing.
However, this equivalence is not universally valid since there
are quadrature squeezed states without polarization squeez-
ing 11 and polarization squeezed states without quadrature
squeezing.
A. Separable factorized states
For factorized states =1 2 in modes b1, b2 defined by
Eq. 2.11 polarization squeezing is always equivalent to
quadrature squeezing. Assuming factorization, the condition
3.4 becomes
b†b b2 , 5.1
for at least one of the modes b1, b2. We define the X, Y
quadratures of the mode b, b= X+ iY /	2, such that XY
+YX=0 and Eq. 5.1 becomes
X2 + Y2 − 1 Y2 − X2 . 5.2
Assuming for definiteness and without loss of generality that
X2 Y2 we get that 5.2 implies X21/2 and therefore
X21/2 so that mode b presents quadrature squeezing.
B. Separable nonfactorized states
Concerning the case of general separable states in modes
b1, b2,
 =  j pj1,j  2,j , 5.3
we can show that polarization squeezing arises only if at
least one of the states 1,j 2,j presents quadrature squeez-
ing.
Following the same steps in the Eq. 4.3 of Sec. IV after
replacing n by j and n by 1,j 2,j we get that the global
state  satisfies criterion 3.4 only if it satisfied for at least
one 1,j 2,j. Since these are factorized states we can apply
the result of the preceding subsection to conclude that polar-
ization squeezing requires that at least one 1,j 2,j must
present quadrature squeezing.
However, it is worth stressing that the global state  need
not be quadrature squeezed. This can be demonstrated by




010  2 + 1  2 , 5.4
where 02 is the vacuum, 1 is a coherent state, 2 is the
squeezed vacuum, and 2 is an arbitrary state to be specified
later. For simplicity we assume the amplitude  to be real
and
tr2b2 = 0, 2X2Y2 + Y2X22 = 0, 5.5
where X2, Y2 are the quadratures of mode b2, b2= X2
+ iY2 /	2, so that for the state 2 we have X2=e−r /	2,
where r is the squeezing parameter. In such a case it can be













so that according to Eq. 3.4 the state 5.4 presents polar-
ization squeezing provided that r 	0, i.e., when 2 is ac-
tually a quadrature squeezed state.
Next we compute the quadrature squeezing on the global
state  by computing the uncertainty of an arbitrary quadra-
ture















where the subscripts in X22 indicate the state where this
quantity is evaluated.





2  1, 5.10
for every 2. In such a case X1/	2 and the state  is not
quadrature squeezed.
C. Bright limit and one-mode approximation
There is another situation where polarization squeezing is
equivalent to quadrature squeezing. This occurs when the
field state in one of the modes, say a1, tends to be a classical
state much more intense than the field in mode a2, so that we
can replace in Eq. 2.1 the operator a1 by the variable 
assumed real for simplicity, leading to
Sx  	2X2, Sy  	2Y2, S0  Sz  2, 5.11
where X2, Y2 are the corresponding quadratures of the mode
a2. This provides a simple one-mode approximation to polar-
ization, which is in principle a two-mode property.
Because mode a1 is much more intense than mode a2 we
get SSz so we can take S=Sx for instance, and then
S 	2X2, S0  S  2. 5.12
With these values all criteria of polarization squeezing
2.12, 2.13, 2.15, are equivalent to X21/	2, which
means quadrature squeezing in mode a2.
D. Polarization squeezing without quadrature squeezing
The above results suggest the equivalence between polar-
ization squeezing and quadrature squeezing. However, next
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we show that this relation is not universal since there are
polarization squeezed states without quadrature squeezing.
This is the case of the state
 =
1
	2 n1n2 + n + 11n − 12 , 5.13
where n, n±1 are the number states in modes a1, a2. In
this case we have
Sx = 	nn + 1, Sy = 0, Sz = 1, S0 = 2n ,
5.14
so that for n1 we can take SSxn and SSz for
example. Since SSz=1 we get that this state is polar-
ization squeezed according to all criteria 2.12, 2.13,










which is clearly fulfilled for n1.
Next we examine whether the states 5.13 present
quadrature squeezing for the arbitrary quadrature X in Eqs.
5.7, 5.8 after performing the replacement bj→aj. The an-




2n + 1 + cos2 + sin2cos1 − 2	nn + 1 .
5.16










so there is no quadrature squeezing in any case.
VI. CONCLUSIONS
We have shown the advantages of a proper choice of the
components of the Stokes vector expressing polarization
properties. This allows one to formulate criteria for polariza-
tion squeezing in a SU2 invariant way, which is, we sug-
gest, required for a sensible definition of polarization squeez-
ing. This also allows one to reduce the three standard
uncertainty relations for the Stokes operators to a single non-
trivial relation and two trivial ones. We have demonstrated
that the SU2 coherent states are the ones that satisfy the
three uncertainty relations, while quadrature coherent states
satisfy only the nontrivial one. This definition of polarization
components also provides a mode basis relevant for examin-
ing the relation between polarization squeezing and mode
entanglement.
Furthermore, we have proven that polarization squeezing
is always a nonclassical property. When examining its rela-
tion with other nonclassical properties we have shown that
entanglement is a necessary condition for polarization
squeezing. In many situations including those of most prac-
tical relevance polarization squeezing is equivalent to
quadrature squeezing. However, this relation is not univer-
sally valid since we have shown that there are polarization
squeezed states without quadrature squeezing.
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APPENDIX: SU(2) COHERENT STATES AS MINIMUM
UNCERTAINTY STATES
We demonstrate that the SU2 coherent states are the
minimum uncertainty states for the Stokes operators in the
sense that they are the only states satisfying the equality both
in Eqs. 2.8 and 2.9. In the photon number basis associated
to the modes b1, b2, the states fulfilling the equality in the





cnn + m1n2, A1
where we assume without loss of generality that m0.




using Eq. 3.2 for S
2 we get that for any S,
S2 = m + 2
n=0

n2 + nm + 1cn2, S = m .
A2
The equality in Eq. 2.8 implies that S2=m which in
turn implies cn=0 for all n0 so that = m1 02 are
SU2 coherent states.
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